Abstract: This paper deals with model predictive control of a separated flow around a 2D circular cylinder at a low Reynolds number. The magnitude of the radial velocity on a small region of the cylinder surface is regarded as the control input. We set the objective function including a viscous dissipation function for each optimization step. In numerical simulations, flow separation and vortex shedding are suppressed. An apparent reduction in a drag coefficient is also observed.
INTRODUCTION
Flow separation around an airfoil causes stall and a drastic decrease in the lift-to-drag ratio. Stall and a decrease in the lift-to-drag ratio limit performance of aircraft such as cruising distance and maximum of climb angle. To enhance performance of aircraft, devices to suppress flow separation have been developed for a long time. In recent years, plasma actuators and synthetic jets have attracted attention as devices to suppress flow separation. Both of them can generate a perturbative local flow with a short response time. Therefore, feedback control has become a realistic way to control flow separation.
Several attempts to control of separated flows have been made such as proportional control [1] , linear optimal control [2] , and adaptive control [3] . Separated flows are governed by the Navier-Stokes equations. Since they are nonlinear partial differential equations (PDEs), it is difficult to construct control laws directly from modelbased theoretic methods. Therefore, we focus on model predictive control (MPC), which can provide a feedback control signal numerically. MPC has been applied to the fluid such as a turbulent flow [4] , thermal fluid [5] , and a flow with vortex shedding [6] . By applying MPC, numerical feedback control laws can be constructed on the basis of a model where state equations are the NavierStokes equations. Moreover, the obtained control input has a temporal optimality in MPC. For these reasons, a better performance on flow separation control is expected with MPC.
In MPC, optimal control problems on a finite predictive horizon must be solved repeatedly unlike usual optimal control. That is computationally expensive. In particular, if we apply MPC to systems modeled by PDEs such as the Navier-Stokes equations, the computational cost drastically increases. Therefore, we do not intend to apply MPC to a separated flow control online. Our aim is to obtain data about how the control input calculated by MPC can control separated flows. In future studies, † Yasuo Sasaki is the presenter of this paper.
we will extract practical feedback control laws from data obtained by applying MPC offline.
In this paper, we apply MPC to a separated flow around a 2D circular cylinder instead of an airfoil as a benchmark. Since a circular cylinder has a simple shape, geometric parameters are less than those of airfoils. The supposed Reynolds number is 100. A flow around a cylinder at this Reynolds number is characterized by flow separation on the rearward surface and vortex shedding behind the cylinder. Then, an oscillatory lift and an increase in drag are induced. The goals of the control are to mitigate the oscillation of lift and reduce drag by suppressing the flow separation and vortex shedding. The magnitude of the radial velocity on a small region of the cylinder surface is regarded as the control input, which imitates the effect of plasma actuators and synthetic jets. We will show that the control input obtained by MPC successfully achieves the objectives.
GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
We assume that the flow around the cylinder is incompressible. Hence, only the velocity field is regarded as the state variables. For convenience of calculation, the polar coordinate system (r, θ) is used. Then, the corresponding components u r (r, θ, t) and u θ (r, θ, t) of the velocity vector satisfy the Navier-Stokes equations
and the continuity equation 
Boundary conditions on the surface are given by
where U i (t) (i = 1, 2) denotes the control input and θ a , θ b are the angles shown in Fig. 1 . The spatial distribution functions f p,i (θ) (i = 1, 2) satisfy
At the outer boundary (r = R ∞ ), the following free stream conditions and outflow conditions are imposed on the velocity:
In the equations (1)- (3), the temporal derivative of the pressure p does not appear. Consequently, p cannot be determined by time-integration. Generally, p is determined so that the continuity equation (3), which is a static equation, is satisfied. For this purpose, a boundary condition for pressure is required. We employ the homogeneous Neumann condition
3. PREPARATION FOR APPLYING MPC 3.1. Objective function Viscous dissipation caused by flow separation and the associated vortex shedding deprives the flow of energy. If this energy dissipation is mitigated, it is expected that the flow separation and the vortex shedding are suppressed.
Therefore, we propose to use the following objective function:
where T is the length of the predictive horizon, Q > 0 is the weighting coefficient. The functions Φ and f c are defined by
The function Φ is called the viscous dissipation function and represents the viscous dissipation energy per unit volume. The weighting function f c takes 0 on the surface and converges to 1 at infinity. Since flowing along the surface also causes viscous dissipation, the function f c is introduced to evaluate the viscous dissipation energy truly induced by the flow separation and vortex shedding.
Necessary conditions for the optimization
The optimal control problem to be solved on each predictive horizon is the minimization problem of J subject to (1)-(10) and the initial conditions
where u r,ini and u θ,ini are the initial radial and circumferential velocity, respectively, on each predictive horizon. The adjoint variables v r (r, θ, t), v θ (r, θ, t), q(r, θ, t) are introduced to derive necessary conditions for optimization. Define a functionalJ bỹ
where f 1 (r, θ, t), f 2 (r, θ, t), and g(r, θ, t) are left-hand sides of (1)- (3), respectively. A necessary condition for the optimality with respect to (11) subject to (1) 
We have to solve (17)- (19) backward under the conditions (21)-(27) to obtain the optimal control law from (28) and (29).
NUMERICAL METHOD
The SMAC (simplified maker and cell) method, which is a method to calculate incompressible fluid flow, is used to solve (1)-(3) forward in time and (17)-(19) backward, since (3) and (19) are the static continuity equations. The variables and derivatives of them are computed with a spatial second-order control difference scheme. The twostep Adams-Bashforth method and the Crank-Nicholson method are used as finite difference methods in time. The computational grid is O-type. The number of the grid points is 90 in the radial direction and 256 in the circumferential direction. The minimal width of the grids in the radial direction is 0.005. The grids in the circumferential direction are arranged at equal intervals. The time step is 0.005.
To make (19) hold and avoid computational instability, we employ the homogeneous Neumann condition
instead of (27). The adjoint pressure q has a degree of freedom of a constant with only the homogeneous Neumann condition. This is not preferable, since q appears in (28) and (29). Therefore, the following condition, which is integration version of (27), is imposed: The optimal control problems are numerically solved by reducing the error of (28) and (29) subject to (1)-(10), (14), (15), (17)- (25), (30) (25), (30), and (31) . With the BFGS (Broyden-Fletcher-Goldfarb-Shanno) method, which is one of the quasi Newton methods, the control input is modified such that the error is reduced. We iterate this until the error is enough small at each horizon.
RESULTS AND DISCUSSION

Results
The parameters are shown in Table 1 , where T a is the interval between adjacent predictive horizons and T all is total interval of time where feedback control is carried out. The predictive horizon T is approximately equal to the period of vortex shedding.
For computation, our workstation whose processer is 6-core Intel Xeon E5 at 3.5 GHz and memory uses 32 GB of1.866 GHz DDR3 ECC DIMMs, was used. It took 3 hours and 46 minutes to compute control input in total.
The control input is shown in Fig. 2 . The control input takes negative values and fluctuates intensively at an interval of T a . The momentum coefficient defined by
is 1.01 %, where w is the length of the regions where the control input acts and its value is 0.258. The momentum coefficient corresponds to the ratio between the momentum thrown into the free stream and the momentum of the free stream. The magnitude of the input is realistic, since C μ in control with synthetic jets is generally less than or approximately equal to 1%. As an effect of the feedback control, the mean separation points on the cylinder move 4 degrees downstream. The vorticity counters with and without control are shown in Fig. 3 . The asymmetry of the vorticity which is peculiar to vortex shedding is improved with the control. The lift and drag coefficients are shown in Figs. 4 and 5 respectively. The drag coefficient and the amplitude of the lift coefficient decrease with time. The amplitude of the lift coefficient with the control is 97% smaller than that without control.
Discussion
It is clear that the flow separation and vortex shedding are suppressed with the feedback control. The obtained control input takes negative value. Negative control input corresponds to suction on the surface of the cylinder. The suction draws the flow and, consequently, the flow separation is suppressed. Actually, a constant input with 
CONCLUTION
In this paper, MPC has been applied to feedback control of a flow around a 2D circular cylinder at a low Reynolds number. We employ the objective function including a viscous dissipation function for each optimization step. Adjoint partial differential equations have been derived. Due to the control input generated by MPC, flow separation and vortex shedding are successfully suppressed. Unfortunately, an unrealistic oscillation has been observed. This is considered as a result of the intensive fluctuation of the control input. Further effort should be devoted to eliminating the unrealistic oscillation.
